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Abstract 
Damping and isolation devices are often employed to control and enhance the seismic performance of structural systems. However, 
the effectiveness of these devices in mitigating the seismic risk may be significantly affected by manufacturing tolerances, and 
systems equipped with devices whose properties deviate from the nominal ones may exhibit a performance very different than 
expected. 
The paper analyzes this problem by proposing a general framework for investigating the sensitivity of the seismic risk of structural 
systems with respect to system properties varying in a prescribed range. The proposed framework is based on the solution of a 
reliability-based optimization (RBO) problem, aimed to search for the worst combination of the uncertain anti-seismic device 
parameters, within the allowed range of variation, that maximizes the seismic demand hazard. A hybrid probabilistic approach is 
employed to speed up the reliability analyses required for evaluating the objective function at each iteration of the RBO process. 
This approach combines a conditional method for estimating the seismic demand at a given intensity level, with a simulation 
approach for representing the seismic hazard.  
The proposed method is applied to evaluate the influence of the variability of the properties of linear and nonlinear fluid viscous 
dampers on the seismic risk of a low-rise steel building. The study results show that the various response parameters considered are 
differently affected by the damper property and unveil the capability of the proposed approach to evaluate the potentially worst 
conditions that jeopardize the system reliability. 
KEY WORDS: Reliability-based optimization; Seismic risk sensitivity; IM-based approach; Viscous dampers; Subset 
Simulation; Structural engineering. 
1. Introduction 
The evaluation of the seismic reliability of a structural system requires the characterization of the uncertainty in the seismic input 
as well as in the structure geometrical and mechanical properties, and the propagation of these uncertainties to assess the structural 
failure probability, typically expressed as the probability of exceeding specified levels of the monitored response parameters [1,2]. 
While the seismic input uncertainty generally significantly influences the seismic risk [3–6], the effect of the structural properties 
must be evaluated on a case-by-case basis [3,7–9]. Isolated structures or structures equipped with dampers fall into this category 
of structures whose performance may be significantly affected by uncertainties other than the seismic one, because their seismic 
response depends mainly on the characteristics of a few number of devices. Furthermore, seismic isolation and energy dissipation 
devices have properties which can vary significantly as a function of manufacturing process, time, temperature, load history, 
strain-rate and velocity, among others [10], thus differing from the nominal ones considered for the design. Seismic design codes 
(ASCE/SEI-7; ASCE/SEI 41-13; EN 15129) [11–13] aim at controlling this issue by two actions: a) providing some acceptance 
criteria, limiting the deviation of the device behavior with respect to the nominal one, b) introducing property modification factors 
in the design. In particular, the property modification factors are employed to modify the device properties in the system response 
assessment [14] and their values are calibrated considering both the permitted tolerance range and the safety levels to be achieved.  
Differently from the case of traditional structural materials like concrete or masonry, in the case of seismic devices such as isolators 
or dampers, statistical information about mechanical properties are not available. This is due to several reasons: the device properties 
notably change batch by batch [15–17], the dispersion within each batch can significantly vary with the manufacturer, the number 
of devices produced in a single batch is often too limited to allow a statistical analysis. These issues motivate a safety check based 
on a different approach, aiming at seeking the worst conditions within the property range allowed by the tolerance, and foster studies 
on risk assessment methodologies that do not strictly comply with a probability distribution [18,19]. Local and Global sensitivity 
analysis could also be used to study the influence of the variability of these system parameters on the performance of a model 
[20,21]. These methods generally do not require assigning a probabilistic distribution of the model parameters, but they necessitate 
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the specification of the domain of parameter variations. For example, the FOSM method [22,23] can be used to evaluate the seismic 
demand sensitivity around a reference configuration. This method has been employed in Lee and Mosalam (2005) [5] to evaluate 
the sensitivity of the seismic response of a reinforced concrete shear-wall building with respect to the model and seismic input 
parameters, and in Lupoi et. al (2006) [24] to evaluate the seismic fragility of structural systems by also including model parameter 
uncertainty. Au (2005) [25] proposed a method to obtain statistical information about the sensitivity of the reliability of structures 
with respect to different ranges of model parameters, based on the solution of an augmented reliability problem, in which the system 
parameters are modelled as random variables with fictitious probability distribution, and on the use of Subset Simulation [26]. Such 
strategy can be useful for a preliminary sensitivity investigation, as done for instance in the work of Dall’Asta et al. (2016) [27] to 
explore the influence of viscous dampers with variable properties on the seismic response of simple structural systems represented 
by a single degree of freedom (SDOF) model. However, further insights are needed to establish this influence on more realistic 
structural systems. 
Studies on the sensitivity of the performance of systems with respect to isolator and damper properties are very limited. Zona et al. 
(2012) [28] carried out a sensitivity-based study of the influence of brace over-strength distributions on the seismic response of steel 
frames with buckling-restrained braces (BRBs). However, their analysis focuses only on the mean response under a set of seismic 
records with a given intensity, thus disregarding the uncertainty of the response due to record-to-record variability effects. Jensen 
et al. (2009, 2011) [29,30] and Taflanidis and Beck (2009) [31] proposed two reliability-based design methodologies for the optimal 
sizing of passive energy dissipation systems for the seismic protection of structures. These methodologies are based on the 
evaluation of the sensitivity of the reliability of the system with respect to the damper design parameters, an information that can be 
used to understand how damper parameter variations in the neighborhood of the design values affect the risk estimate. 
This paper proposes an original approach for exploring the sensitivity of the seismic risk of structural systems with respect to 
uncertain system parameters, by formulating this problem as an optimization one. In particular, the evaluation of the combination 
of the worst-case scenario of uncertain parameter values that maximize the risk variation is cast in the form of a constrained 
reliability-based optimization (RBO) problem, which can be efficiently solved by employing efficient and already available 
optimization techniques (e.g., [32,33]). It is worth to point out  that the term “sensitivity" is used here in a general way, as it does 
not describe the local relationship between model parameter variations and output variations [20,21], but the relationship between 
the admissible set of parameter variations and the consequent maximum output variation.  
Another element of novelty in this work is represented by the probabilistic approach proposed for estimating the seismic risk within 
the RBO framework, combining Subset Simulation [26] with multiple-stripe analysis (MSA) [34]. This approach allows reducing 
the number of simulations required to solve the reliability problem with respect to standard SS, without affecting the accuracy of 
the results. 
In order to evaluate the capability of the proposed RBO framework to identify the critical combinations of parameter variations, a 
structural system, often adopted as a benchmark in the literature to evaluate the efficiency of seismic response control devices [35–
38], is considered. The structure is upgraded by using a widely diffused dissipative system, consisting of viscous devices with linear 
or nonlinear behavior, whose behavior is described by the combination of two constitutive parameters (c and ). These devices may 
have properties different from the nominal ones considered at the design stage, because of the manufacturing process. To cope with 
such uncertainty, the main international codes [11–13] provide some acceptance criteria according to which fluid viscous devices 
are tested to ensure that their responses, generally expressed in terms of force-velocity relation, do not deviate from the nominal 
design condition more than a tolerance. However, no prescriptions or limits are imposed on the viscous constitutive parameters, 
whose admissible (i.e., complying with the tolerance provided on the force response) ranges of variability are unknown. Very few 
studies have been carried out thus far on this topic [2,39], and the applications proposed in this work contribute to fill the gap in the 
technical literature on the effects of the uncertainty of nonlinear fluid viscous damper properties on the seismic performance of 
structures. 
The paper is organized as follows. First, the probabilistic framework is introduced by furnishing details about the formulation of the 
RBO problem, the probabilistic tools used for the performance assessment and the optimization solver. Subsequently, the specific 
problem of the risk sensitivity analysis of structural systems equipped with fluid viscous dampers is introduced by considering both 
the cases of linear dampers and nonlinear dampers. The benchmark case study is then discussed by describing the model, the seismic 
scenario, and the dampers design criteria. The last two sections illustrate and discuss the solution of two RBO problems: the former 
assumes that the damper variability concerns only the viscous coefficients, and the latter assumes that the damper variability 
concerns also the response coefficients controlling the damper nonlinear behaviour. In the last part of the paper, some conclusions 
are drawn, commenting on the proposed methodology and the specific problem analysed. 
 
2. Methodology 
2.1 Seismic performance assessment of structural systems with uncertain input and model properties 
The seismic design and assessment of structures aims at ensuring that the probability of having an unsatisfactory performance (often 
referred to as failure) is lower than a reference acceptable level. This level is prefixed by seismic codes and can be tailored to the 
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type of structure at hand, its function, and the consequences of failure [11,40,41]. With reference to ordinary civil structures, different 
limit states and levels of the allowed exceedance probability are introduced to control the performance. Conventional thresholds are 
specified for these limit states, and the mean annual frequencies (MAFs) of exceedance approximately vary from 1·10 -2 yrs-1 for 
serviceability limit states to 1-2·10-3 yrs-1 for ultimate limit states [11,40,41], while safety checks against collapse should be oriented 
to ensure a mean annual failure rate lower than 10-5-10-6 [11,28]. 
In general, the seismic structural performance is evaluated by monitoring a set of engineering demand parameters (EDPs) relevant 
to the system at hand, and the seismic checks aim to verify that the mean annual frequency (MAF) 𝜈𝐷(𝑑𝑓) of exceeding a prefixed 
threshold value df is lower than an acceptable limit 0 (depending on the particular limit state or performance condition, as discussed 
above). Design codes [11,40,41] and practical assessment procedures follow an “intensity-based assessment approach” [42], aimed 
at satisfying the aforementioned reliability condition in an indirect and simplified way, avoiding probabilistic analyses. For this 
purpose, a conventional seismic response measure d* is evaluated, via structural analysis, under a seismic input with assigned 
intensity, and then it is verified that d*< df. Different threshold values of df, each associated to a performance objective, are coupled 
with the various intensity levels.  
A more rigorous performance assessment should consider explicitly the seismic demand hazard function, 𝜈𝐷(𝑑), expressing the 
MAF of exceeding different values d of the global and local EDP relevant to the performance of the analyzed system [42]. Obviously, 
in the evaluation of 𝜈𝐷(𝑑), all the sources of uncertainty involved in the problem shall be accounted for. In this regard, it may be 
convenient to consider two separate vectors for describing these uncertainties: X ∈ 𝜴 is the vector collecting the random variables 
representing the ground motion and the structural system uncertainties, which can be described by assigning a probability density 
function, and 1n ∈ 𝛤 is the vector of all the other parameters affecting the system performance, but for which a 
probabilistic model is not available. These parameters, assumed independent from X, are hereinafter referred to as design variables 
(DVs), and the corresponding nominal values are denoted as 𝜽0. 
In this study, a sensitivity study is carried out to evaluate explicitly how 𝜽 affects the seismic demand hazard. In particular, if x 
denotes the realization of X, and 𝑑(𝒙|𝜽) denotes the generic demand, conditional to a given combination of model parameters 𝜽, 
the corresponding demand hazard function D(d|𝜽) can be estimated through the following reliability integral 
 𝜈𝐷(𝑑|𝜽) = 𝜈𝑚𝑖𝑛 ∫ 𝐼𝑑(𝒙|𝜽)
𝜴
𝑝𝑿(𝒙)𝑑𝑥 (1) 
where 𝑝𝑋(𝒙) is the joint probability density function (PDF) of X, and 𝐼𝑑(𝒙|𝜽) is an indicator function, such that 𝐼𝑑 = 1 if 𝑑(𝒙|𝜽) >
𝑑∗, otherwise 𝐼𝑑 = 0. The multiplicative term 𝜈𝑚𝑖𝑛 is the MAF of occurrence of a seismic event of any significant magnitude [33]. 
A simple way to investigate the influence of 𝜽 on the system seismic demand hazard could be that of performing several reliability 
analyses, i.e., solving the problem of Eq. (1) for different sets of 𝜽 values. Monte Carlo techniques [26,43,44] can be employed for 
solving the integral for each combination of the parameters, but this type of approach is generally computationally expensive, and 
it becomes unfeasible in the problem considered in the application, where the possible combinations could be numerous. 
2.2 Constrained optimization problem 
In this study, the search for the maximum effects of design parameter variations on the generic seismic demand hazard D(d|𝜽) is 
cast in the form of a constrained reliability-based optimization (RBO) problem. In particular, the objective function fObj that must 
be maximized is expressed as the variation of the MAF of exceedance of an EDP value d*, normalized with respect to the MAF of 
exceedance corresponding to the reference design values 𝜽0:  
 𝑓𝑂𝑏𝑗(𝜽, 𝑑
∗) =
𝜈𝐷(𝑑
∗|𝜽) − 𝜈𝐷(𝑑
∗|𝜽0)
𝜈𝐷(𝑑∗|𝜽0)
 (2) 
in which 𝜈𝐷(𝑑
∗|𝜽) and 𝜈𝐷(𝑑
∗|𝜽0) denote the MAFs of exceedance corresponding, respectively, to the varied and the nominal DVs 
(Fig. 1).  
A constraint is used to control the range of variation of the DVs, by assigning lower and upper bounds to 𝜽, or more in general via 
constraint functions gj() (j = 1, …, k). 
The constrained RBO problem can be formulated as follows, 
 {
 
𝑚𝑎𝑥
𝜽
     𝑓𝑂𝑏𝑗(𝜽, 𝑑
∗) =
𝜈𝐷(𝑑
∗|𝜽) − 𝜈𝐷(𝑑
∗|𝜽0)
𝜈𝐷(𝑑∗|𝜽0)
𝑔𝑗(𝜽) ≤ 0       (𝑗 = 1, … , 𝑘)                                 
 (3)   
which allows to find the “optimal” combination of DVs leading to the highest increments of the MAF of exceedance for the reference 
monitored performance measure. 
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It is noteworthy that in general the maximum variations of the various EDPs of interest are obtained for different combinations of 
the DVs. Thus, a single RBO problem need to be solved for each of the monitored response variables. 
 
a) 
 
 
b) 
 
 
Fig. 1. a) MAF of exceedance of the EDP corresponding to the nominal values of the DVs; b) increment of the risk of exceeding the threshold 
value d* due to the allowed variability on the model parameters. 
2.3 Hybrid reliability approach for seismic demand estimation 
The RBO problem of Eqn. (3) is solved by employing a nested double-loop approach [33], consisting of an outer loop where 
optimization is carried out, and an inner loop which is used at each iteration to evaluate 𝜈𝐷(𝑑
∗|𝜽). This solution approach is 
computationally very expensive, particularly because the inner loop must be invoked many times before converging to the optimal 
solution. Thus, an efficient probabilistic method is employed here to achieve accurate estimates of 𝜈𝐷(𝑑
∗|𝜽) while limiting the 
number of simulations. Such method, denoted hereinafter as hybrid, is based on a conditional probabilistic approach [42] for 
evaluating the seismic demand at different seismic intensity levels, and on the use of Subset Simulation for defining the seismic 
hazard. More precisely, a stochastic ground motion model is considered, and Subset Simulation is employed [26]), to derive the IM 
hazard curve, IM(im), up to very small rates of exceedances. For each intensity level, a set of ground motion samples is selected, 
and these samples are then used to evaluate the response statistics and build a seismic demand model conditional to the seismic 
intensity level via multiple-stripe analysis (MSA) [34]. This demand model, represented by 𝐺𝐷|𝐼𝑀(𝑑|𝜽, 𝑖𝑚), expresses the 
probability of exceeding the demand value d, conditional to 𝜽 and to the seismic intensity level im, and can be estimated via a 
parametric method, i.e., by assuming the widely employed [45,46] lognormal distribution for describing the response d for each 
value of 𝜽 and each IM level. 
The hazard function and the conditional demand can be convolved together, by exploiting the Total Probability Theorem, to evaluate 
the mean annual rate of exceedance D (d*|𝜽) [42]:  
 𝜈𝐷(𝑑
∗|𝜽) = ∫ 𝐺𝐷|𝐼𝑀(𝑑
∗|𝜽, 𝑖𝑚)
𝐼𝑀
|𝑑𝜈𝐼𝑀| 
(4) 
The integral of Eq. (4) is computed numerically, by employing a trapezoidal rule.  
It is noteworthy that the idea of combining Subset Simulation with a conditional probabilistic approach has the advantage of reducing 
the variance of the estimation of the performance compared to a direct approach based on SS. Moreover, Subset Simulation 
automatically performs the hazard disaggregation at different IM levels, providing a set of stochastic ground motion samples 
conditional to different non-overlapping IM intervals. Hence, there is no need of scaling the records [47], and the seismological 
features of the earthquake samples change consistently with the seismic intensity level. A similar hybrid approach has been recently 
used by Bradley et al. 2015 [48] for testing different ground motion selection methods. However, differently from that work, 
employing a pure Monte Carlo approach for IM hazard curve construction, in this study the more efficient Subset Simulation [26] 
is used to reach lower annual rates of exceedance and thus simulate ground motion samples conditional to rarer seismic intensities. 
The efficiency of Subset Simulation may be further improved by employing recently developed algorithms [ref1, ref2] for generating 
the candidate states. However, in the present study the original Markov Chain Monte Carlo algorithm and the Metropolis–Hastings 
sampler proposed in [26] have been used. 
2.4 Optimization solver 
The COBYLA (Constrained Optimization By Linear Approximation) gradient-free optimization algorithm, developed by Powell 
(2007) [32] and implemented in OpenCossan [49], is used to solve the constrained optimization problems. COBYLA exploits a 
sequential trust–region algorithm based on linear approximations on both the objective function and the constraint functions:  the 
approximations consist of linear interpolation at n+1 points (the vertices of the trust-region), where n represents the dimension of 
d*
 (d*|0)
d*
 (d*|0)
 (d*|0)∙| fObj |
 (d*|)
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the space of (design) variables. Although the rate of convergence of COBYLA is slower than that of gradient-based algorithms, its 
robustness and the low number of parameters that need to be tuned for performing optimization make this algorithm suitable for the 
purposes of the present applications.  
The size of the trust region is controlled by the algorithm and it is decreases towards convergence. The initial and final values of the 
trust region’s radius are problem-dependent, and in this work they are set equal to 0.20∙θ and 10-6∙θ, respectively. Further details on 
COBYLA algorithm and on the values of the parameters can be found in Powell (2007) [32], in the OpenCossan documentation 
[49], as well as in Altieri et al. (2017) [33]. 
3. Fluid viscous dampers with variable properties  
Fluid viscous dampers are dissipation devices widely used for seismic response control, due to their effectiveness in increasing the 
damping capacity of a structural system, hence notably reducing its response in terms of both inter-story drifts and absolute 
accelerations [50,51]. The force-velocity constitutive law of these devices can be described through the following relationship [52–
54]: 
 𝐹𝑑(𝑣) = 𝑐|𝑣|
𝛼𝑠𝑔𝑛(𝑣) (5) 
where v is the velocity between the device’s ends, Fd is the damper resisting force, | v | is the absolute value of v, sgn is the sign 
operator, c and  are two constitutive parameters: the former is a multiplicative factor, while the latter describes the damper nonlinear 
behaviour.  
The main international seismic codes [11–13] acknowledge that the manufacturing process is characterized by some uncertainty 
affecting the viscous constitutive parameters, whose actual values might differ from the nominal ones used in the design. To cope 
with such uncertainty, some acceptance criteria are provided. In particular, the ASCE/SEI 41-13 [12] and the European code EN 
15129 [13] require that the maximum experimental force Fd(v) exhibited by the damper tested under harmonic displacement time-
histories, deviates from the expected (design) value, Fd*(v), by no more than a tolerance p within a range of velocities 𝑣 spanning 
from zero to the maximum design one 𝑣∗. This requirement can be formulated in terms of the following inequality: 
 (1 − 𝑝)𝐹𝑑
∗(𝑣) ≤ 𝐹𝑑(𝑣) ≤ (1 + 𝑝)𝐹𝑑
∗(𝑣), 𝑣 ≤ 𝑣 ≤ 𝑣∗ (6) 
where p = 15% according to the abovementioned seismic standards. The safety check should be coherently carried out by employing 
a lower/upper bound approach, considering the worst conditions compatible with the acceptance criteria. 
It is worth to note that, as explicitly declared in ASCE/SEI 41-13 [12] (Section C14.3.2.4, Upper- and Lower-Bound Design and 
Analysis Properties) and implicitly assumed by EN 15129 [13] (Section E.2, Design Requirements), the effects of dampers’ 
uncertainty are only considered on the viscous coefficient c, while the exponent  is assumed as fixed. However, such assumption 
(variability on c only) is not justified in either of these two seismic codes, and furthermore, in ASCE/SEI 41-13 [12] (Section 
C14.3.2.4) it is explicitly written that: “The authors recognize that much of the data needed to rationally develop the required 
individual factors for energy dissipation devices do not exist at the time of writing”.  
In light of the aforementioned gap in the regulatory framework, and given the scarce literature available on this topic [2,39], the 
application proposed in this paper aims at investigating the influence of the variability of the viscous damper properties, including 
that of , on the seismic risk. The application proposed below can be viewed as an extension of the work carried out in Dall'Asta et 
al. (2017) [2] to the case of real structures equipped with multiple devices. 
The RBO problem presented in Section 2.2 (Eq. (3)) is defined below for the specific case in which the DVs are represented by the 
viscous constitutive properties of n fluid viscous dampers, i.e., c [c1, …, cn] and  [1, …, n]. In particular, two different types 
of constrained reliability-based optimization problems are considered, as described below in detail. 
3.1 RBO problem 1 
In RBO problem 1, the velocity exponents  are kept fixed and equal to the nominal values 𝜶0, and only the viscous coefficients c 
are assumed as design variables. These coefficients are allowed to deviate from the nominal values 𝒄0 while satisfying the inequality 
constraint of Eq. (6) on the damper forces. This results in a range of variation [-0.85c0, 1.15c0] for c. In fact, variations of c provide 
a homogeneous effect on the damper response for the whole range of velocities, with normalized force variations equal to the 
normalized viscous coefficient variations. 
The constrained RBO problem can be formulated as follows, 
 {
 
𝑚𝑎𝑥
𝒄
     𝑓𝑂𝑏𝑗(𝒄, 𝑑
∗) =
𝜈𝐷(𝑑
∗|𝒄) − 𝜈𝐷(𝑑
∗|𝒄0)
𝜈𝐷(𝑑∗|𝒄0)
−0.85𝑐0,𝑖 ≤ 𝑐𝑖 ≤ 1.15𝑐0,𝑖 (𝑖 = 1, … , 𝑛)        
 (7) 
in which the objective function, fObj, is expressed as the normalized variation of the MAF of exceedance of some reference values 
of the monitored EDP, d*. 
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The problem solution allows finding the “optimal” combination of the varied viscous coefficients 𝒄 that maximizes the objective 
function, i.e., that corresponds to the highest increment of the MAF of exceeding the reference value of the monitored performance 
parameter. On this regard, five EDPs are assumed to characterize the system’s seismic performance, namely the maximum interstory 
drift, related to the structural damage; the maximum absolute base-shear of the frame only (dampers contribution excluded); the 
maximum absolute acceleration, related to damage of acceleration-sensitive nonstructural components; the maximum force and 
stroke in the dampers, related to the cost, the size, and the reliability of the viscous dampers [33,55]. Thus, the RBO problem of Eq. 
(7) has to be solved five times. 
3.2 RBO problem 2 
In RBO problem 2, both the damper constitutive parameters are allowed to vary while satisfying the acceptance criterion of Eq. (6). 
In this problem, differently from RBO problem 1, the link between the dampers force variations and the perturbed viscous parameters 
is not straightforward, and joint variations (?̂?, ?̂?) of the constitutive parameters, such that  = 0 + ?̂? and c = c0 + ?̂? , must be 
considered. Among the various combinations compatible with the constraints, one will yield the maximum variation of the demand 
hazard. 
Fig. 2 shows the normalized force-velocity relations corresponding to a linear damper (a) and a nonlinear damper (b), obtained for 
the design nominal parameters (0, c0) (black solid line). On the same figure, the upper and lower bounds of the allowed response 
variability are also illustrated (red solid lines), corresponding to the case with viscous coefficient variations ?̂? = +/−15% and ?̂? =
0. Moreover, the varied response curves obtained for two specific pairs of admissible perturbed parameters combinations (?̂?, ?̂?) are 
superimposed: the dashed blue curve represents the maximum admissible positive variation of the exponent , corresponding to the 
condition in which the normalized response variation attains the upper bound value (i.e., Fd/Fd* = 1.15) at the normalized design 
velocity (i.e., v/v*=1); the dotted blue curve represents the maximum admissible negative variation of the exponent , corresponding 
to the condition in which the response variation attains the lower bound value (i.e., Fd/Fd* = 0.85) at the design velocity (i.e., 
v/v*=1). Such combined variations of the viscous properties are both complying with the tolerances for velocity values lower than 
the design one (v/v* = 1 in the normalized axis), as required by the code [12]. However, for velocity values beyond the design one 
(i.e., v/v* > 1), the perturbed force assumes values outside the upper/lower bounds (red solid lines), and the specific trend depends 
on the sign of ?̂?, which governs the rate of change of the nonlinear response, with non-homogeneous effects along the range of 
velocity.  
a) 
 
 
b) 
 
 
Fig. 2. Effect of code-complying damper parameters variability in terms of device force response: a) linear damper with =1.0, and b) 
nonlinear damper with  =0. 3. 
For the sake of completeness, the effect of variable viscous parameters on the dissipated energy is also presented. The expression 
of the energy dissipated in a sinusoidal cycle with circular frequency  and amplitude v/ is as follows, 
 𝑊𝑑 =
𝑐𝑣𝛼+1
𝜔
𝜆(𝛼) (8) 
where 𝜆(𝛼) is a geometric function related to the shape of the cycle [54,56]. 
Fig. 3 reports the relationships between 𝑊𝑑, normalized by the energy dissipated at the design velocity value v* (by a system with 
the nominal parameters c0 and 0), and the velocity v, for all the cases discussed above. These are the nominal design conditions 
(black solid line), the admissible perturbed parameters combinations with ?̂? < 0 (blue dotted line) and ?̂? > 0 (blue dashed line), 
and the upper and lower bound conditions (red solid lines), corresponding to the case with ?̂? = +/−0.15𝑐0 and ?̂? = 0. As already 
observed for the force response, the effects of combined variations of c and  might lead to unexpected values of energy dissipation, 
i.e., the case with ?̂? < 0 might reduce the dissipative capacity at the higher velocities with respect to the case with nominal 
parameters, while the case with ?̂? > 0 might lead to higher damper forces (in the range v/ v* > 1). 
𝛼 < 0
𝛼 > 0
𝛼 < 0
𝛼 > 0
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The trends observed in Fig. 2 and Fig. 3 allow making some qualitative and preliminary observations on the response of viscous 
devices for seismic actions other than the design one. In fact, if v/v*=1 represents the reference seismic design condition, it is 
possible to observe that the expected damper response (in terms of both force and dissipated energy) exhibits variations of different 
amplitude and signs, depending on whether the seismic intensity, and thus the velocity, is higher or lower than the design one.  
a) 
 
 
b) 
 
 
Fig. 3. Effect of code-complying damper parameters variability in terms of energy dissipation (per cycle): a) linear damper with =1.0, and b) 
nonlinear damper with  =0.3. 
In RBO problem 2, the design parameters are both c and , and their domain of variation are subject to the constraints defined 
above.  
The constrained RBO problem is formulated as follows, 
 {
 
𝑚𝑎𝑥
𝒄, 𝜶      𝑓𝑂𝑏𝑗(𝒄, 𝜶, 𝑑
∗) = [
𝜈𝐷(𝑑
∗|𝒄, 𝜶) − 𝜈𝐷(𝑑
∗|𝒄𝟎, 𝜶𝟎)
𝜈𝐷(𝑑∗|𝒄𝟎, 𝜶𝟎)
]                                               
|(𝑐0,𝑖 +  ?̂?𝑖)𝑣
(𝛼0,𝑖+ ?̂?𝑖) − 𝑐0,𝑖𝑣
𝛼0,𝑖| ≤ 0.15𝑐0,𝑖𝑣
𝛼0,𝑖     ∀  0 ≤ 𝑣 ≤ 𝑣∗    (𝑖 = 1, … , 𝑛)
 (9) 
in which the constraint is expressed in terms of damper forces within the range of velocity from 0 to v* (maximum design velocity). 
The objective function, fObj, similarly to the previous case, expresses the normalized variation of the MAF of exceedance of a 
reference value of the monitored EDP, d*. 
4. Benchmark case study and dampers design 
In this section, the benchmark structural system and seismic scenario employed for illustrating the application of the proposed 
framework for sensitivity analysis are presented first. Subsequently, two retrofit interventions involving either linear or nonlinear 
viscous dampers are considered. The criteria followed for designing the dampers are presented and the nominal design properties 
(𝒄𝟎and𝜶𝟎) of the linear and nonlinear devices are furnished. Then, the probabilistic response at the reference conditions (i.e., when 
the dampers have nominal viscous properties) is illustrated, showing the demand hazard curves for the various EDPs of interest and 
the values of the MAF of exceedance corresponding to the design performance levels 𝜈𝐷(𝑑
∗|𝒄𝟎, 𝜶𝟎). 
4.1 Case study description 
The case study consists of a 3-storey steel moment-resisting frame building, designed within the SAC Phase II Steel Project, and 
widely used as benchmark structure in several other works concerning structural response control [35–38]. The structural system 
was designed for gravity, wind, and seismic loads in order to conform to local code requirements in Los Angeles, California region.  
As shown in Fig. 4, the whole structural system consists of perimeter moment-resisting frames and internal gravity frames with 
shear connections, while the structural model for analysis purposes is a two-dimensional frame representing one half of the structure 
in the north–south direction. The main geometrical details and the size of the steel members (wide-flange sections are used for both 
columns and beams) are shown in Fig. 4. Further details concerning the structural geometry and loads can be found in [36]. 
a) 
 
 
b) 
 
 
Fig. 4. a) Plan (thick lines highlight moment-resisting frames) and b) elevation of the 3-storey steel frame from the SAC Phase II Steel Project.  
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The finite element model of the system is developed in OpenSees [57] following the approach described in [35] and briefly recalled 
below. A distributed plasticity approach is adopted [58–60], with nonlinear force-based elements and fiber sections with Steel02 
uniaxial material. An elastic fictitious P-delta column (not shown in Fig. 4) is introduced to account for the nonlinear geometrical 
effects induced by the relevant vertical loads, those carried by the inner (not explicitly modelled) gravity frames included. A 
corotational approach for the system’s coordinate transformation is used to perform large displacement (small strain) analysis. The 
strength and deformability of panel zones are neglected. The elastic damping properties are accounted for through the Rayleigh 
model by assigning a 2% damping ratio at the first and second vibration modes. The estimated vibration periods Ti, reported in 
Table 1. 
 
Table 1. Vibration periods for the 3-storey steel moment-resisting frame. 
Mode Ti [s] 
1 
2 
3 
0.995 
0.325 
0.173 
4.2 Seismic scenario 
Being the structure designed for the Los Angeles area, the Atkinson-Silva (2000) [61] source-based ground motion model for 
California region is used to characterize the seismic hazard at the building’s site. This model, combined with the stochastic point 
source simulation method of Boore (2003) [62], is considered for generating ground motion samples. The seismic scenario is 
described by two seismological parameters, the moment magnitude M, and the source-to-site (epicentral) distance r, which are 
modelled as random variables. The magnitude is characterized by the Gutenberg-Richter probability density function fM(m) 
 
𝑓𝑀(𝑚) = 𝛽
𝑒−𝛽(𝑚−𝑚0)
1 − 𝑒−𝛽(𝑚𝑚𝑎𝑥−𝑚0)
 
(10) 
bounded within the interval [m0, mmax] = [5, 8] and with parameter =2.303; the epicentral distance is modelled according to the 
PDF fR(r) 
 𝑓𝑅(𝑟) = {
 
2𝑟
𝑟𝑚𝑎𝑥
 𝑖𝑓 0 ≤ 𝑟 < 𝑟𝑚𝑎𝑥
      0              𝑟 ≥  𝑟𝑚𝑎𝑥
 (11) 
under the hypothesis that the source produces random earthquakes with equal likelihood anywhere within a distance from the site 
rmax = 50 km, beyond which the seismic effects are assumed to become negligible. The soil condition is described by a deterministic 
value of the shear-wave velocity parameter VS30 = 310 m/s, representative of average soil condition in the considered area [52]. 
Fig. 5 illustrates the ground motion total radiation (Fourier) spectra A(), and the time-envelope functions e(t), obtained for different 
earthquake moment magnitudes M (5, 6.5, 8) and fixed epicentral distance r=20km. Fig. 6 shows the effect of the epicentral distance 
r (2, 30, 50km), for a fixed magnitude M=6.  It is worth to note that the present seismic scenario is also consistent with several other 
works [26,63] in which the Atkinson-Silva ground motion model is adopted, and further details about the parameters used in the 
present study can be found in Dall’Asta et al. (2017) [2]. 
a) 
 
 
b) 
 
 
Fig. 5. a) Total radiation Fourier spectra and b) time-envelope functions for r = 20km and different earthquake moment magnitudes. 
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a) 
 
 
b) 
 
 
Fig. 6. a) Total radiation Fourier spectra and b) time-envelope functions for M = 6 and different epicentral distances. 
Besides the scenario-related random variables (magnitude and distance), further uncertainties derive from the record-to-record 
variability expected for ground motions associated with seismic inputs with the same magnitude and distance. This variability is 
described first by generating the signals as realizations of a white-noise process, and then by including an additional source of 
variability through the multiplicative factor of the radiation spectra, mod, proposed by Jalayer and Beck (2008) [63]. This factor is 
assumed to be lognormally-distributed, with a lognormal mean equal to 0 and a lognormal standard deviation of 0.5. 
The pseudo-spectral acceleration Sa(T1) at the fundamental period T1 = 1.0 s is assumed as IM, and the corresponding hazard curve 
is obtained by a single-run of Subset Simulation, carried out by considering 20 simulation levels, each having a target intermediate 
exceedance probability p0 = 0.5, and N=500 samples per level. Fig. 7 shows the hazard curve, with the 21 IM interval boundaries 
indicated by black vertical lines. 
 
Fig. 7. Hazard curve for the IM Sa(T1) obtained via Subset Simulation. 
4.3 Performance criteria and dampers design 
The dampers are designed to achieve an enhanced building performance level according to ASCE/SEI 41-13 [12], consisting of 
meeting the immediate occupancy requirements (performance level 1-B) at the BSE-2E seismic hazard level (i.e., with probability 
of exceedance equal to 5% in 50 years, corresponding to the annual rate of exceeding 0 = 0.001).  
The dampers are placed into the structural frame (Fig. 8) connected in series with steel supporting braces, and two different cases 
are studied: linear viscous dampers (0= 1.0) and nonlinear viscous dampers (0= 0.3). For the purpose of the dampers’ design, 
the structural performance is described in terms of a global EDP, represented by the interstory drift ratio, whose limit value at the 
Immediate Occupancy Limit State is assumed equal to 0.01 as suggested in FEMA-350 [64] (Table 4-10 of the aforementioned 
code) for low-rise ordinary moment-resisting steel buildings. 
Following a deterministic design approach, commonly employed in practice, the dampers’ viscous coefficients c0i (i = 1, 2, 3 floor 
levels) are calibrated to reduce the mean value of the maximum interstory drift demand (drift_max), evaluated for a set of 7 
accelerograms whose intensity, defined in terms of IM= Sa(T1), is consistent with the reference hazard level (i.e., with 0 = 0.001 
yrs-1). The IM value corresponding to the exceedance frequency considered for the design is equal to IM(0) = Sa(T1) = 0.77g. The 
subset of 7 simulated ground motion time-histories is selected from the set of samples stored during execution of Subset Simulation, 
and the selection criterion is such that it satisfies (without scaling) the spectrum compatibility at the building’s first period T1 = 1.0s.  
The target performance, achieved for both the linear and nonlinear dampers case, is equal to drift_max = 0.0097rad < 0.01rad, 
corresponding to a 40% reduction with respect to the bare frame performance. The supporting braces are designed to withstand 
(without buckling) the damper force amplified according to the following expression [12], 
     𝐹𝑏 = 𝐹𝑑(2𝜇𝑣𝑒𝑙,𝑚𝑎𝑥) = 𝑐0|2𝜇𝑣𝑒𝑙,𝑚𝑎𝑥|
𝛼
 (12) 
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corresponding to the force provided by the damper at a velocity value twice the mean maximum velocity vel,max observed under the 
set of 7 ground motions representing the design scenario at the MAF of exceedance 0. 
There are several methods available [65,66] for distributing the dampers at the various storeys of the building. Some methods assume 
predefined damper distributions, e.g., the viscous coefficients of the dampers are uniformly distributed or distributed proportionally 
to the storey stiffness or shear. Being the differences observed among standard methods usually not very large [66], the shear-
proportional distribution is assumed in this study, for its simplicity and because it has been shown to provide satisfactory results 
[67]. To be precise, a distribution of c0,i at the different storeys proportional to the shear distribution (i.e., from the top below, 
respectively, 0.54, 0.86, 1.00) of the first mode of vibration is assumed. The nominal properties of the viscous coefficients are 
reported in Table 2 (with labels related to Fig. 8) together with the axial stiffness values of the steel braces.  
Assuming a S275 steel grade cold-formed profiles, the following hollow squared cross-sections are employed for the supporting 
braces: 350x16mm (where 350mm denotes the external dimensions and 16mm the thickness) for the braces connected to linear 
dampers, and 300x10 mm for those connected to the nonlinear ones. It can be observed that the use of nonlinear dampers allows to 
reduce the braces’ sections compared to the case of linear dampers. 
In the finite element analyses, a Maxwell element consisting of an elastic spring (with stiffness kb) and a viscous dashpot in series 
is used to describe the behaviour of the damper-brace systems. 
It is noteworthy that the design of the damper properties could have been carried out by considering performance-based criteria 
rather than a deterministic criterion, and by employing advanced optimization procedures [33,50,67,68]. Indeed, the same tools used 
here for the sensitivity analysis could be employed for the damper design. 
 
Fig. 8. Maxwell model for the brace-damper systems: viscous dampers are represented as dashpots with coefficients c0,i  while the supporting 
braces as elastic springs with finite stiffness kb. 
Table 2. Damper parameters and brace stiffness with linear and nonlinear dampers. 
Parameters = 1.00 = 0.30 
c0,1 [kN∙s/m] 
c0,2 [kN∙s/m] 
c0,3 [kN∙s/m] 
kb [kN/mm] 
8500 
7310 
4590 
450.19 
2350 
2021 
1269 
244.30 
 
The performance of the structure is evaluated by monitoring the following global EDPs: the maximum interstory drift among the 
various storeys, IDR, the maximum absolute base-shear carried out by the frame only, Vb, and the maximum absolute acceleration 
among the various floors, A. The dampers performance is monitored by considering the following two local EDPs, accounting for 
the cost, the size and the failure of the devices: the maximum absolute force of the dampers placed at the first storey, Fd1, which 
carries the largest forces; and the maximum stroke, d1, of the damper at the first storey. It is worth to note that the maximum 
interstory drift is kinematically related to the maximum stroke among the various floors, whereas the maximum damper velocities 
are related to damper forces through Eq. (5). 
Table 3 collects the design values d* of the five monitored EDPs, all obtained under the design seismic scenario except for the 
stroke and force of the dampers, whose design values are further amplified according to the rules provided in ASCE/SEI 41-13 [12]: 
the design forces are computed via Eq. (12), and coherently the strokes are assumed as twice the values obtained under the design 
seismic scenario. The design values of the maximum dampers’ velocity, necessary to define the tolerance range described by Eq. 
(6), are v*= 0.27m/s and v*= 0.30m/s for, respectively, linear and nonlinear dampers. 
4.4 Reference seismic demand: dampers with nominal properties 
The performance of the systems corresponding to linear and nonlinear dampers with nominal properties (,i, c0,i) is evaluated by 
performing MSA in accordance with Section 2.3. The intensity levels at which MSA is performed are indicated by red dashed lines 
in Fig. 7, and represent the central values of the IM intervals considered for SS. Among the N=500 ground motion time-series 
generated at each simulation level, a subset made of the 20 samples with the spectral intensities closest to the target IM value is 
selected, in such a way that no scaling operations [48] are required. It is noteworthy that number of simulation levels has been 
defined based on a preliminary study, performed by considering different choices for the discretization of the IM range and for the 
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numbers of ground motion samples to be considered at each IM interval. Based on this study, it was concluded that considering the 
hybrid reliability analysis method with 20 stripes and 20 samples conditional to the central IM interval values, corresponding to a 
total of 400 nonlinear structural analyses, allows to obtain accurate results at a fraction of the computational cost of the general, 
non-conditional, SS, requiring 1800 nonlinear structural analyses. Further details about the efficiency of the proposed hybrid 
approach compared to Subset Simulation are given in Appendix to this paper. 
The demand hazard curves of the EDPs of interest are illustrated in Fig. 9a-d (with red solid lines for linear dampers and blue dashed 
lines for nonlinear dampers). For each curve, the reference performance point corresponding to the design condition, represented by 
the coordinates {d*,0(d*)}, is illustrated with a marker (a red circle for linear dampers and a blue square for nonlinear ones). The 
values of the coordinates of these points are also reported in Table 3. The values 0(d*) are required to define the objective function 
of the RBO problems, since they represent the reference values (corresponding to dampers with nominal properties) with respect to 
which the maximum increment of the risk is evaluated. It is worth to observe that the reference MAF values estimated via 
probabilistic approach (i.e., MSA) are always higher than the design ones obtained through the deterministic design approach, as 
also observed in [35]. 
By comparing the demand hazard curves of the various EDPs, some common trends can be found. For instance, the damper velocity 
hazard curves (shown in Fig. 9f for sake of clarity) follow the same trends of the interstory drift (Fig. 9a) and damper stroke (Fig. 
9d). According to these curves, for a given probability of exceedance, the response is higher in the case of nonlinear dampers, in 
particular within the range of MAFs lower than the design value. Conversely, the damper forces (Fig. 9e) exhibit opposite trends 
with respect to the velocities, and this is due to the fact that the nonlinear damper force cannot increase too much because of the 
velocity exponent  
Moreover, it is also worth to observe that the amplification rules provided in ASCE/SEI 41-13 [12] lead to different MAF values of 
damper force (Fig. 9e) and strokes (Fig. 9d) in linear and nonlinear viscous devices. In particular, the design force is more likely to 
be exceeded by the nonlinear dampers, with 0 =3.16x10-4 yrs-1, than by the linear ones, with 0 =1.37x10-4 yrs-1; the same trend is 
observed for the stroke, with 0 =2.42x10-4 yrs-1 for the linear dampers and 0 =4.04x10-4 yrs-1 for the nonlinear ones. These results 
are in agreement with the outcomes of previous studies [2,35], and confirm the need of improving the simplified approach provided 
by the codes, which does not ensure the same reliability levels for dampers with different nonlinear behaviour (i.e., different 
exponent ). 
 
Table 3. EDP design values d* and corresponding mean annual frequency (MAF) of exceedance 0, for both linear (= 1.0) and nonlinear 
(= 0.3) dampers. 
EDPs = 1.00
  
  = 0.30  
 d* 0 (x10-3) [yrs-1]  d* 0 (x10-3) [yrs-1] 
IDR 
 d1
Fd1 
Vb  
A 
0.0098  
0.0509 m 
3614.20 kN 
7988.56 kN 
4.65 m/s2 
1.511 
0.242 
0.137 
1.619 
1.929 
 0.0098  
0.0426 m 
1811.82 kN 
7615.73 kN 
5.49 m/s2 
1.623 
0.404 
0.316 
1.612 
1.723 
 
a) 
 
b) 
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Fig. 9. Demand hazard curves for both linear (= 1.0) and nonlinear (= 0.3) dampers, and for the EDPs: a) maximum IDR; b) frame base-
shear Vb; c) absolute acceleration A; d) force on damper 1 Fd1; e) stroke on damper 1 d1; f) velocity of damper 1 vd1. Reference values (both 
design and amplified) are also shown with markers. 
5. RBO problem n. 1: effect of variable viscous coefficients (c)  
 
5.1 Solution of RBO problem n.1 at the design condition 
This section addresses RBO problem 1, in which the vector of design variables ?̂? = [ ?̂?1, ?̂?2, ?̂?3]T collects the viscous coefficients of 
the dampers at the various storeys. These variables are assumed to vary independently, within the range [-0.85, 1.15]c0i, where c0i 
is the nominal value of the viscous coefficient for the damper at the i-th storey.  
The constrained RBO problem, as formulated in Eq. (7), has been solved five times, in order to separately find and discuss the worst 
consequences produced by the parameter variation on the five monitored EDPs (Table 3). Fig. 10 shows the history of the 
optimization process for the maximum interstory drift of the building with linear dampers as driving performance parameter. Fig. 
10a shows the evolution of the rate of variation of each viscous coefficients ?̂?i = (𝑐i – c0i)/ c0i during the iterations of the optimization 
procedure. The starting condition corresponds to zero values of ?̂?i, i.e., the dampers have the nominal design properties. The 
COBYLA algorithm [32] tests different combinations of the perturbed coefficients until convergence is reached (after 24 iterations 
in this case), corresponding to a stable and constraint-compliant solution. Fig. 10b illustrates the corresponding evolution of the 
objective function, representing the normalized variation of the MAF of exceedance at the reference performance level of the 
monitored EDP. The optimal solution consists of: 
 the viscous coefficient perturbations {?̂?1, ?̂?2, ?̂?3} = {-15.0%, -15.0%, -15. 0%}; 
 a +15.0% variation of the MAF of exceeding the target drift 0.0098 (design value). 
a) 
 
 
b) 
 
 
𝑐
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Fig. 10. Search for the optimal solution of the constrained RBO problem: a) dampers coefficients variation (?̂?i) and corresponding b) MAF of 
exceedance variation. EDP: IDR. Case with linear dampers (= 1.0). 
The optimum solution provided by the RBO problem is compliant with the allowed tolerance on forces, i.e., the perturbed viscous 
coefficients lead to force values within the lower and upper bounds prescribed by the code. 
The results obtained for all of the EDPs considered are summarized in Table 4, reporting, for each EDP and for both the linear and 
nonlinear dampers, the combinations of the most critical percentage variations of the damper viscous coefficients, and the 
corresponding percentage increment of the MAF (objective function). The negative variations of the design variables are highlighted 
in red, while the positive variations in black solid font.  
 
Table 4. Results of the constrained RBO problem with variable viscous coefficients. The dampers coefficients variation (?̂?i) and corresponding 
MAF increment are reported for each EDP and for both the linear L (= 1.0) and nonlinear NL (= 0.3) dampers. 
  IDR    d1   Fd1   Vb   A  
  L
 
NL
 
 L
 
NL
 
 L
 
NL
 
 L
 
NL
 
 L
 
NL
 
Viscous coefficient’s 
variations 
 
 
Hazard demand 
increment 
?̂?1 [%] 
?̂?2 [%] 
?̂?3 [%] 
 
fObj [%] 
-15.0 
-15.0 
-15.0 
 
+15.0 
-15.0 
-15.0 
-15.0 
 
+12.0 
 -15.0 
-15.0 
+15.0 
 
+20.0 
-15.0 
-15.0 
+15.0 
 
+16.0 
 +15.0 
+15.0 
+15.0 
 
+59.0 
+15.0 
-15.0 
+15.0 
 
+271.7 
 +15.0 
+15.0 
+15.0 
 
+12.0 
+15.0 
+15.0 
+15.0 
 
+22.7 
 +15.0 
-15.0 
-15.0 
 
+6.0 
+15.0 
-15.0 
-15.0 
 
+5.4 
 
Based on the results reported in Table 4, the following observations can be made regarding the amount and sign of the viscous 
coefficients variations responsible for the highest increase of the MAF of exceedance of the monitored EDPs:  
 The sets of varied viscous coefficients are found to be equal for the buildings with linear and nonlinear dampers for all of the 
EDPs, with the only exception of the damper force (Fd1), for which the maximum increments of the exceedance probability are 
obtained for different optimum solutions in terms of ?̂?i. 
 In all the cases analysed, the viscous coefficients variations are always equal to the upper or to the lower bound of the 
constraints, and no intermediate admissible values of ?̂?i are observed. 
 The maximum MAF variations of the drift, the base-shear (Vb) and the linear damper force (Fd1) correspond to homogeneous 
viscous coefficients perturbations, i.e., with ?̂? > 0 on every damper. 
 Differently, the maximum MAF variations of the remaining cases are produced by non-homogeneous viscous coefficients 
perturbations, i.e., having different signs on devices belonging to different floors. 
For what concerns the effects induced by the viscous coefficients variations in terms of demand hazard variation, the following 
conclusions can be drawn: 
 The seismic demand hazard sensitivity to viscous coefficients variations is generally low for the most of the EDPs, with 
percentage increments of the MAF of exceedance below the 22%. 
 Notably higher is the sensitivity shown by the damper force, with increments of 59.0% and 271.7% of the MAF of exceedance 
attained for, respectively, the linearly and nonlinearly damped building. 
 
5.2 Structural performance sensitivity at different MAF of exceedance 
The previous section focuses on the response variations at the design condition. However, the structural performance should be 
checked also at different conditions, corresponding to higher and lower values of the design MAF of exceedance. Thus, this section 
furnishes more useful insights into the effect of the damper uncertainties on the seismic performance, since it explores how the 
variations of the viscous coefficients obtained by solving the RBO problem 1 influence the response parameter variations for a wide 
range of MAF of exceedance values, spanning from the serviceability limit state condition to very rare conditions. For this purpose, 
MSA is repeatedly carried out by considering each time a set of the previously found worst combinations of ?̂?i as per Table 4, for 
both the cases of linear and nonlinear dampers. This results in a total of 10 probabilistic analyses, which are carried out up to low 
values of the MAF of exceedance, of the order of 10-6 yrs-1. It is noteworthy that this value is significantly lower than the one 
assumed for designing the seismic control system, which is around 10-3 yrs-1for all the EDPs except for the stroke and force of 
dampers, whose design MAF values vary between 10-3 yrs-1 to 10-4 yrs-1. 
Fig. 11 shows the demand hazard curves of the base-shear (Fig. 11a) and of the maximum IDR (Fig. 11b) of the nonlinearly damped 
structure. The curve corresponding to dampers having nominal viscous coefficients (black solid curve) is compared to the curves 
related to the different worst combinations of varied viscous coefficients, represented by dashed lines of different colors. The black 
diamond marker in the figure represents the design condition considered for performing the RBO problem.  
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Due to space constraints, the hazard curves of the other EDPs are not provided, but some results are reported for three MAF levels, 
namely 10-2, 10-3, and 10-6, which are approximately representative of, respectively, the serviceability limit state, the ultimate limit 
state, and the failure conditions.  
At each of these MAF levels, the percentage variation of the generic seismic demand parameter D is computed through the following 
equation, 
∆𝑑𝑚𝑎𝑥(𝜈𝐷) = 100
𝑑𝑣𝑎𝑟(𝜈𝐷) − 𝑑0(𝜈𝐷)
𝑑0(𝜈𝐷)
 (13) 
in which dvar represents the generic EDP value corresponding to the varied design variables, and d0 is the EDP value corresponding 
to the nominal dampers condition. The resulting values are reported in Table 5-Table 7. Each row of the tables reports the variations 
of the EDP due to the dampers variations resulting from the solution of the 5 different RBO problems, each of which was solved to 
maximize the MAF of a specific EDP (different rows in the tables). Thus, the diagonal cells of the tables report the variations of the 
i-th EDP due to the dampers variations resulting from the RBO problem solved for the same EDP; the other terms of the tables 
furnish the variations of the j-th EDP due to the dampers variations resulting from the RBO problem solved for a different k-th EDP, 
for k≠j. The maximum demand increments of each EDP are highlighted by black solid fonts. 
a) 
 
 
b) 
 
 
 
Fig. 11. Seismic demand variations for the EDPs a) Vb and b) IDR due to the combinations of varied viscous coefficients obtained by solving the 
5 different RBO problems for the case with nonlinear dampers (= 0.3). 
Table 5. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-2. 
Cases with linear (L) and nonlinear (NL) dampers. 
 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.08 +3.42  -7.08 -1.71  +3.93 +10.25  -7.08 +2.56  +3.15 -1.71 
Vb
 
-6.79 -11.21  +6.62 +11.10  -1.53 -2.77  +6.62 +1.39  -4.41 -7.28 
A
 
+0.35 -3.44  +0.70 +3.15  +3.87 +2.00  +0.70 +3.15  -0.70 -2.00 
Fd1
 
-11.03 -12.96  +9.66 +12.04  +9.66 +5.56  +9.66 +8.80  -11.72 -11.11 
 d1
 +7.05 +13.25  -7.69 -13.25  -3.85 -22.89  -7.69 -18.07  +6.41 +22.89 
 
Table 6. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-3. 
Cases with linear (L) and nonlinear (NL) dampers. 
 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.02 +7.18  -5.74 -5.82  +3.83 +4.66  -5.74 -0.39  +4.25 +2.52 
Vb
 
-6.44 -5.19  +6.23 +6.06  -1.53 -1.04  +6.23 +1.38  -3.78 -2.94 
A
 
-0.75 +0.45  +1.01 -0.45  +2.26 +1.91  +1.01 +0.90  -1.01 -0.22 
Fd1
 
-11.24 -14.20  +10.09 +13.89  +10.09 +13.89  +10.09 +13.89  -11.01 -13.89 
 d1
 +7.11 +9.16  -6.26 -8.94  -3.89 -5.37  -6.26 -5.72  +7.44 +9.66 
 
Table 7. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-6. 
Cases with linear (L) and nonlinear (NL) dampers. 
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 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.73 +4.24  -6.34 -4.19  +4.99 +2.99  -6.34 -0.93  +5.10 +0.45 
Vb
 
-8.88 -6.32  +8.16 +6.29  -0.15 -0.12  +8.16 +1.97  -6.57 -4.26 
A
 
-1.68 -0.75  +1.64 +1.43  +6.44 +4.96  +1.64 +4.44  -2.41 -1.43 
Fd1
 
-11.15 -14.34  +10.44 +14.34  +7.47 +14.15  +10.44 +14.15  -10.28 -14.34 
 d1
 +6.84 +3.38  -6.05 -3.45  -6.17 -3.43  -6.05 -2.71  +8.97 +4.21 
 
According to the results presented in the above tables, the following conclusions can be drawn: 
 At the MAF level D  = 10-3 (Table 6), approximately corresponding to the design hazard level at which the RBO is performed 
for almost all of the EDPs, the diagonal terms of Table 6 contain the maximum observed variations. Thus, the maximum 
demand variation of an EDP is generally due to damper coefficients perturbations resulting from the RBO problem which 
maximizes the MAF of that specific EDP.  
 Because of a non-uniform effect of the damper coefficient perturbations over the whole range of MAFs, it is possible that, in 
correspondence of MAF levels other than 10-3, the demand increment is maximized by the set of varied viscous coefficients 
maximizing the probability of exceedance of other EDPs. This can be observed, for instance, for the interstory drift at D  = 10-
2 (see Table 5 and also Fig. 11b), when nonlinear dampers are adopted. In this case, the maximum drift increment is observed 
for the perturbed viscous coefficients of the RBO problem performed on the maximum accelerations, although the present result 
is limited to this specific MAF level. 
 The seismic demand increments due to admissible (i.e., code-complying) combinations of varied viscous coefficients are always 
lower than 15% for all the monitored EDP, type of dampers, and hazard levels investigated, with the only exception of the 
nonlinear damper stroke, whose amplification reaches the value of 23% at D  = 10-2.  
 Beyond the damper stroke in the nonlinear damper case, the most sensitive EDP is represented by the damper force, whose 
variations are generally higher in the building with nonlinear devices. 
 Clear patterns and trends cannot be identified for the demand variations at the different hazard levels.  
It is worth to highlight that the percentage variations reported in Table 5-Table 7 do not necessarily represent the maximum 
variations which one could expect due to the considered variability of the dampers properties. In fact, these variations have been 
obtained by using the worst combination of perturbed viscous parameters evaluated at the design condition (see Eqn. (3)). Higher 
variations may be observed by considering a different MAF of exceedance in the objective function of Eqn. (3). Nevertheless, the 
results shown above, given for the sake of completeness, provide some useful insight on the sensitivity of the seismic risk to variable 
dampers properties at MAF values lower than the design one. 
Moreover, the variations reported in the tables above are consistent with the outcomes provided in Dall’Asta et al. (2017) [2] for 
the simpler case of a linear SDOF system with period of 1.0 s. The same paper provides further details and explanations of the 
differences between the responses with linear and nonlinear dampers. 
6. RBO problem n. 2: effect of variable viscous parameters (c, )  
 
6.1 Solution of RBO problem n.2 at the design condition 
Section 5 deals with the effect on the seismic performance of dampers with variable viscous coefficients. Despite the results are not 
entirely trivial, the most critical variations of the parameters are found to lie at the boundary of the admissible domain of variation. 
This section investigates a more complex problem, denoted as RBO problem n. 2, in which both the damper constitutive parameters 
are allowed to vary, while satisfying the tolerance criterion on the maximum damper force variations. The solution to this problem 
would not be possible without employing the optimization approach of Eqn. 8. 
The design variables corresponding to the viscous parameters perturbations are collected in the vectors ?̂? = [ ?̂?1, ?̂?2, ?̂?3]T and ?̂? = [?̂?1, 
?̂?2, ?̂?3]T, and they are assumed to vary independently among the dampers at the different storeys, while respecting the tolerance 
bounds of Eq. (6). This RBO problem, mathematically formulated in Eq. (9), is solved for each of the five monitored EDPs of Table 
3. Fig. 12 illustrates the evolution of the design parameter variations during the optimization process carried out by assuming as 
EDP the force of the linear damper at the first-storey (Fd1). Fig. 13a shows, for the same EDP, the evolution of the objective function, 
i.e., the normalized MAF variation, which attains the optimal value of +63.0% in correspondence of the following set of design 
variables: 
 variations of the viscous coefficient, {?̂?1, ?̂?2, ?̂?3} = {+33.9%, +15.0%, +15.0%}; 
 variations of the velocity exponents, {?̂?1, ?̂?2, ?̂?3} = {+11.6%, 0.0%, 0.0%}.  
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It is worth to recall that the aim of the present study is to evaluate how effective the code tolerance criteria can be in controlling the 
performance parameter variations, without explicitly taking into consideration whether the parameter perturbations resulting from 
the RBO problem solution can actually be physically attained through the manufacturing process. In light of this, it is noteworthy 
that although the normalized variation of the viscous constant of the damper at the first storey is quite high, it is indeed compatible 
with the tolerance constraint, and thus it complies with current seismic codes. However, further experimental tests would be required 
to shed light on the variation of the dampers constitutive parameters related to the manufacturing process, an information not 
available to date. 
a) 
 
 
b) 
 
 
Fig. 12. Search for the optimal solution of the constrained RBO problem: a) velocity exponents variation (?̂?i), and b) dampers coefficients 
variation (?̂?i). EDP: force on damper 1 Fd1. Case with linear dampers (= 1.0). 
a) 
 
 
b) 
 
 
Fig. 13. Objective function-iterations for the constrained RBO problem: MAF of exceedance variation. EDP: force on damper 1 Fd1. Case with: 
a) linear dampers (= 1.0) and b) nonlinear dampers (= 0.3). 
As shown in Fig. 14, the above variations are following the constraints imposed in terms of damper forces. It is worth to observe 
that, due to the variability on both 𝑐1 and 𝛼1, the damper D1 (Fig. 14a) exhibits a force value equal to the upper bound of the tolerance 
range at the design velocity v* = 0.27m/s, while for v > v*, the force attains values larger than 1.15 times the nominal value, as 
allowed by the acceptance criteria currently provided by seismic codes [12]. 
Fig. 13b illustrates the evolution of the objective function for the optimization processes carried out by considering, as EDP, the 
force of the nonlinear damper with = 0.3 at the first-storey (Fd1). The optimal value of +271.7% attained by the normalized MAF 
variation is due to the following set of design variables: 
 variations of the viscous coefficient, {?̂?1, ?̂?2, ?̂?3} = {+15.0%, -15.0%, +15.0%}; 
 variations of the velocity exponents, {?̂?1, ?̂?2, ?̂?3} = {+0.0%, 0.0%, 0.0%}. 
It can be observed that the worst combination of the perturbed viscous properties for this case corresponding to nonlinear dampers 
coincides with the solution found by the previous RBO problem n. 1, and consists of variations of only the viscous coefficients. 
The results obtained for the RBO problems performed on all of the considered EDPs are summarized in Table 8, reporting, for each 
EDP and for both the linear and nonlinear dampers, the combinations of the most critical percentage variations of the viscous 
constitutive parameters, and the corresponding percentage increment of the MAF of exceedance. The negative variations of the 
design variables are highlighted in red, while the positive variations in black solid font.  
𝑎 𝑐
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a) 
 
 
b) 
 
 
Fig. 14. Compliance with the constraint imposed on damper force of the worst viscous parameters combination found by solving the RBO 
problem on the EDP Fd1. Nonlinear damper response for the a) device floor 1 and b) device floor 2 and 3. 
Table 8. Results of the constrained RBO problem with variable viscous parameters. The dampers constitutive parameters variation (?̂? i,?̂?i) and 
corresponding MAF increment are reported for each EDP and for both the linear L (= 1.0) and nonlinear NL (= 0.3) dampers. 
  IDR    d1   Fd1   Vb   A  
  L NL  L NL  L NL  L NL  L NL 
Viscous coefficient’s 
variation 
 
 
Exponent  
variation 
 
 
Hazard demand 
increment 
?̂?1 [%] 
?̂?2 [%] 
?̂?3 [%] 
 
?̂?1 [%] 
?̂?2 [%] 
?̂?3 [%] 
 
fObj [%] 
-15.0 
-15.0 
-15.0 
 
0.0 
0.0 
0.0 
 
+15.0 
-15.0 
-15.0 
-15.0 
 
0.0 
0.0 
0.0 
 
+12.0 
 -15.0 
-15.0 
+33.9 
 
0.0 
0.0 
+11.6 
 
+24.0 
-15.0 
-22.3 
+15.0 
 
0.0 
-24.9 
0.0 
 
+19.0 
 +33.9 
+15.0 
+15.0 
 
+11.6 
0.0 
0.0 
 
+63.0 
+15.0 
-15.0 
+15.0 
 
0.0 
0.0 
0.0 
 
+271.7 
 +15.0 
+15.0 
+15.0 
 
0.0 
0.0 
0.0 
 
+12.0 
+15.0 
+15.0 
+15.0 
 
0.0 
0.0 
0.0 
 
+22.7 
 +15.0 
-15.0 
-27.0 
 
0.0 
0.0 
-11.2 
 
+7.7 
+15.0 
-15.0 
-15.0 
 
0.0 
0.0 
0.0 
 
+5.4 
 
It is worth to note that the results of RBO problem n. 2 are less predictable than those of RBO problem 1, and do not lie at the 
boundary of the admissible domain, thus demonstrating the usefulness of the proposed optimization approach for the sensitivity 
problem solution.  
Based on the results reported in Table 8, the following observations can be made on the influence of variable viscous parameters: 
 In four cases out of 10, the worst combinations of viscous parameters involve the velocity exponents variability (?̂? ≠ 0). These 
cases are: the EDPs Fd1 and A for the buildings with linear dampers, and the EDP d1 for both the linear and nonlinear damped 
systems. In the remaining six cases, the RBO problem 2 yields the same results as the RBO problem 1, revealing a reduced 
sensitivity of the monitored objective functions to the velocity exponent variability. 
 The increments of the MAF of exceedance observed in the four cases characterized by combined variations of ?̂? and ?̂? are 
slightly higher (of maximum four percentage points) than the ones corresponding to perturbations of the viscous coefficients 
only (see Table 4 for the results of RBO problem 1). 
 The maximum admissible positive variation observed on the viscous coefficients is equal to +33.9%, corresponding to a velocity 
exponent variation of +11.6%. The maximum admissible negative variation observed on the viscous coefficients is equal to 
+27.0%, corresponding to a velocity exponent variation of -11.2%. 
 The higher sensitivity of the damper force demand parameter (Fd1) with respect to the DVs, already observed in RBO problem 
1, is confirmed. 
Summarizing the results obtained thus far, it is possible to state that the variability of the velocity exponent (), usually disregarded 
by seismic codes [12,13], may affect the seismic hazard of some EDPs, although in this specific case study the effects are reduced. 
 
6.2 Structural performance sensitivity at different MAF of exceedance 
This section investigates the influence of the sets of varied viscous parameters of Table 8 on the seismic demand at different MAF 
levels. As done for RBO Problem 1, the demand variations are evaluated for the following MAF levels: 10-2, 10-3, and 10-6, and the 
results are collected in Table 9-Table 11. 
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Table 9. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-2. 
Cases with linear (L) and nonlinear (NL) dampers. 
 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.08 +3.42  -7.08 -1.71  +6.30 +10.25  -8.66 +2.56  +2.36 0.00 
Vb
 
-6.79 -11.21  +6.62 +11.10  -2.21 -2.77  +10.02 +1.39  -2.89 -9.71 
A
 
+0.35 -3.44  +0.70 +3.15  +4.22 +2.00  +2.81 +3.15  -1.06 -1.43 
Fd1
 
-11.03 -12.96  +9.66 +12.04  +9.66 +5.56  +20.00 +8.80  -11.72 -11.57 
 d1
 +7.05 +13.25  -7.69 -13.25  -3.20 -22.89  -12.82 -18.07  +6.41 +20.48 
 
Table 10. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-3. 
Cases with linear (L) and nonlinear (NL) dampers. 
 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.02 +7.18  -5.74 -5.82  +5.53 +4.66  -7.23 -0.39  +3.40 +4.08 
Vb -6.44 -5.19  +9.23 +6.06  -2.60 -1.04  +9.09 +1.38  -2.15 -3.98 
A
 
-0.75 +0.45  +1.01 -0.45  +2.51 +1.91  +2.27 +0.90  -1.13 0.00 
Fd1 -11.24 -14.20  +10.09 +13.89  +10.32 +13.89  +21.79 +13.89  -10.78 -13.89 
 d1 +7.11 +9.66  -6.26 -8.94  -3.89 -5.37  -12.18 -5.72  +7.78 +10.02 
 
Table 11. Percentage variations of the performance demand due to the dampers properties variability at fixed MAF of exceedance: D = 10-6. 
Cases with linear (L) and nonlinear (NL) dampers. 
 IDR
 
  Vb
 
  A
 
  Fd1
 
   d1
  
 L
 
NL
 
 L
 
NL
  L
 
NL
  L
 
NL
  L
 
NL
 
IDR +7.73 +4.24  -6.34 -4.19  +8.51 +2.99  -7.95 -0.93  +4.01 +1.25 
Vb
 
-8.88 -6.32  +8.16 +6.29  -1.21 -0.12  +13.06 +1.97  -5.33 -5.35 
A
 
-1.68 -0.75  +1.64 +1.43  +6.87 +4.96  +6.10 +4.44  -2.68 -0.56 
Fd1
 
-11.15 -14.34  +10.44 +14.34  +7.09 +14.15  +20.51 +14.15  -9.74 -14.34 
 d1
 +6.84 +3.38  -6.05 -3.45  -7.01 -3.43  -13.11 -2.71  +10.19 +4.39 
 
The following conclusions can be drawn regarding the effects on the seismic demand of dampers with varied constitutive parameters: 
 The increments of seismic demand due to combined variations of viscous coefficients and velocity exponents are generally 
higher than those due to variation of the viscous coefficients only (RBO problem 1). 
 The most sensitive EDP is the damper force, as also observed in RBO problem 1.  
 Unlike the case with variable viscous coefficients, in this case the added variability of  is responsible for a further increment 
of the force demand at the MAF D =10-3 and D =10-6, where the percentage variations increase from nearly 11% in the case 
of fixed to around 21% in the case of variable . 
 Force reliability factor observed in this application is larger than factors currently proposed by codes [12,13], equal to 1.15, and 
the results suggest that a deeper investigation of the topics is necessary. 
 Clear patterns and trends cannot be identified for the demand variations at the different hazard levels.  
As for the case of Table 5-Table 7, these variations have been observed by considering the same optimal damper variations for all 
the three MAF levels. 
 
7. Conclusions 
In this paper, an innovative approach is proposed for investigating the seismic risk sensitivity of structures with respect to uncertain 
system parameters having a bounded range of variation. This method is of interest for structures equipped with anti-seismic devices, 
such as isolators or dampers. It consists in solving a reliability-based optimization (RBO) problem that allows to identify the worst 
combination of a set of input parameters that maximize a probabilistic objective function, expressing the variation of the mean 
annual frequency of exceedance of the performance parameters of interest.  
The capability of the proposed approach for evaluating the potentially worst conditions that jeopardize the system performance is 
analysed by considering a specific application, investigating the influence of the variability of the constitutive parameters (due to 
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the uncertainties in the devices manufacturing process) of linear and nonlinear fluid viscous dampers on the seismic risk of a low-
rise steel building. 
Based on the results of the application of the RBO problem, the following conclusions are drawn for the specific problem analysed. 
 The seismic performance of the building may drop as a result of the effects of variability of the damper properties, with different 
levels of increase of the demand hazard depending on the type of dampers (linear or nonlinear) and the specific EDP monitored. 
 The various response parameters considered are differently affected by the damper property variability, and the most sensitive 
response quantity is represented by the damper force, whose design value may experience increments of the corresponding 
MAF of exceedance spanning from 63% to 272% for, respectively, linear and nonlinear dampers, because of admissible 
combined variations of the viscous parameters c and . 
 The effect of the variation of the damper constitutive parameters is found to be limited for most of the monitored EDPs. 
However, among all the EDPs analysed, the damper forces have shown to be very sensitive to the damping constitutive 
parameters variation, in particular when the velocity exponents  deviate from their nominal values.  
 The employed RBO techniques has been shown to be robust in dealing with several design variables with independent 
constrained domains of variation. 
Despite the developed application has a demonstrative character, it serves to show that the proposed methodology provides outcomes 
which would not be achieved without an optimization-based approach. In fact, the proposed approach permits to directly establish 
a relationship between the parameters controlling the design process and the global seismic risk. In particular, it allows to verify the 
reliability factors proposed by seismic codes for safety checks, and eventually to better calibrate their values to properly account for 
the tolerances allowed for supplemental damping devices. For example, the results concerning the considered case study, show that 
the reliability factors for the damper force according to ASCE/SEI 41-13 may need to be increased, with respect to the values 
currently provided, to consider the influence of the variability of the velocity exponent . Obviously, a more precise proposal about 
this point requires a larger set of experimental and numerical investigations, also aimed at providing more insight into the likely 
range of variation of the damper properties.  
Moreover, the proposed method can be employed not only to further investigate the problem of viscous dampers, but also to analyze 
the effect of the uncertainties of other types of seismic devices, such as hysteretic dampers or isolation bearings. 
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Appendix. Hybrid probabilistic approach validation 
This Appendix provides a quantitative validation, in terms of efficiency and accuracy, of the hybrid probabilistic approach used in 
this paper within the RBO algorithm. To this aim, the demand hazard curves stemming from the hybrid method with multiple-stripe 
analysis (MSA) are compared to those deriving from a direct probabilistic approach, the latter consisting on Subset Simulation. 
More precisely, the hazard curves derived by averaging 20 independent simulation runs of Subset Simulation are assumed as 
reference solution. Each Subset Simulation run is performed using 300 samples per level and 6 simulation levels with a progressive 
exceedance probability of p0=10%; the EDP maximum interstory drift (IDR) is assumed as driving variable, while the other EDPs 
(maximum base-shear , maximum damper force and stroke) are assumed as auxiliary variables (Au and Wang, 2014 [69]). 
Fig. A. 1a-e compares the demand hazard curves for different EDPs obtained via MSA and via Subset Simulation (average of 20 
runs), for the building equipped with linear dampers. Results concerning the case with nonlinear dampers are presented in Fig. A. 
2a-e. 
The reasonably good match between the curves from Subset Simulation (black solid lines) and the curves from MSA (red dashed 
lines) offers a qualitative proof of the accuracy of the method. Moreover, Table A. 1 reports the percentage errors of the estimates 
of MSA with respect to Subset Simulation for both the cases with linear and nonlinear dampers. These errors are evaluated in terms 
of EDP values, d(D), corresponding to different levels of the mean annual frequency of exceedanceD: 10-3, 10-4, 10-5, 10-6, 10-7. 
Denoting with dSS(D) the EDP value estimated via Subset Simulation at the mean annual rate D, and with dMSA(D) the same 
quantity estimated via MSA, the error e% associated with the MSA estimate is evaluated as follows. 
 𝑒%(𝜈𝐷) = 100
𝑑𝑀𝑆𝐴(𝜈𝐷) − 𝑑𝑆𝑆(𝜈𝐷)
𝑑𝑆𝑆(𝜈𝐷)
 (A. 1) 
Table A. 1. EDPs percentage errors stemming from multiple-stripe analysis with respect to subset simulation. Cases with linear 
and nonlinear viscous dampers are compared. 
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The highest errors, although negligible, are equal to -16.9% and 22.1%, and they are observed for the stroke demand of, respectively, 
the linear and nonlinear damper cases, as highlighted by bold font in Table A. 1. Except for these two values, in all the other cases 
very low percentage errors are observed. Based on these results, MSA can efficiently replace Subset Simulation for the solution of 
the RBO problem, without affecting the accuracy of the estimated probabilities.  
The main advantage of the proposed hybrid approach over Subset Simulation is its notably lower computational cost. In fact, the 
time required to perform a single run of Subset Simulation (with 6 simulation levels, p0=10% and 300 samples each) is about 6 
times higher than that required by the hybrid approach (with a total amount of 400 analyses). These computations have been carried 
out on a Desktop Computer with Intel Xeon processor E5-2630V3, 8 cores (16 threads), and 32 GB of RAM. 
a) 
 
b) 
 
c) 
 
d) 
 
Fig. A. 1. Demand hazard curves from multiple-stripe analysis (MSA) vs subset simulation. Case with linear viscous dampers  
a) 
 
b) 
 
c) 
 
d) 
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Fig. A. 2. Demand hazard curves from multiple-stripe analysis (MSA) vs subset simulation. Case with nonlinear viscous dampers 
 
